With a triangulation of a planar polygon with n sides, one can associate an integrable system on the Grassmannian of 2-planes in an n-space. In this paper, we show that the potential functions of Lagrangian torus fibers of the integrable systems associated with different triangulations glue together by cluster transformations. We also prove that the cluster transformations coincide with the wall-crossing formula in Lagrangian intersection Floer theory.
Introduction
Quantum cohomologies of Grassmannians give quantum deformations of the classical Schubert calculus. It is a fascinating subject, which is related to many branch of mathematics such as moduli of vector bundles on a Riemann surface [Wit95] , total positivity [Rie01] and eigenvalue problems [TW03] to name a few.
Mirror symmetry is a powerful tool to study quantum cohomologies of symplectic manifolds. The mirror of a Fano manifold is a Landau-Ginzburg model, i.e., a pair (X, W ) of an analytic spaceX and an analytic function W :X → A 1 called the Landau-Ginzburg potential. Landau-Ginzburg mirrors of flag varieties are introduced in [Rie08] , whereX are the complements of anti-canonical divisors in the flag manifolds associated with the Langlands dual groups, and W are regular functions. In the type A cases, the restrictions of W to certain open subvarieties give mirrors introduced earlier in [EHX97, BCFKvS00] . For the Grassmannian Gr(k, n) = Gr(k, C n ) of kdimensional subspaces in C n , Marsh and Rietsch [MR] give a description of the Landau-Ginzburg mirror
in terms of Plücker coordinates on the dual Grassmannian Gr(n − k, (C n ) * ) of Gr(k, C n ).
With a Lagrangian submanifold of a symplectic manifold, one can associate the potential function, which is a Floer-theoretic invariants obtained as the generating function of numbers of pseudo-holomorphic disks bounded by Lagrangian submanifolds [FOOO09] . In the case of toric manifolds, the potential functions of Lagrangian orbits of the torus action can be identified with the Landau-Ginzburg potentials of the mirrors.
In contrast to the toric cases where the toric moment maps give canonical Lagrangian torus fibrations, there are a priori no preferred Lagrangian torus fibrations on flag manifolds. In the case of the Grassmannian Gr(2, n) of 2-planes, with any triangulation Γ of a convex polygon with n sides, one can associate a completely integrable system Ψ Γ : Gr(2, n) −→ R 2n−4
(1.2) whose image ∆ Γ = Ψ Γ (Gr(2, n)) is a convex polytope. Note that the number of ways to triangulate a convex n-gon is given by the Catalan number C n−2 = In what follows we identify the dual Grassmannian Gr(n − 2, (C n ) * ) with Gr(2, n) in a canonical way, and write the Plücker coordinates as p ij (1 ≤ i < j ≤ n). The first main result in this paper is the following: In other words, the potential functions for different triangulations glue together to form an open dense subset of Marsh-Rietsch's mirror. The Plücker relation (1.5) is a prototypical example of a cluster transformation in the theory of cluster algebras [FZ02] . Remark 1.2. Rietsch and Williams [RW] also study the relation between piecewise-linear transformations for "moment polytopes" ∆ Γ and cluster transformations (1.5) from a slightly different view point, where ∆ Γ are regarded as Newton-Okounkov bodies.
For a pair Γ and Γ of triangulations related by a Whitehead move, one can construct a one-parameter family Ψ t (0 ≤ t ≤ 1) of completely integrable systems on Gr(2, n) such that Ψ 0 = Ψ Γ and Ψ 1 = Ψ Γ . For t = 0, 1, the integrable system Ψ t has singular fibers over a codimension two subset in the interior of the base space B t = Ψ t (Gr(2, n)). The presence of singular fibers leads to a codimension one wall in B t which divides B t into two chambers. The SYZ mirror in the sense of [AAK16, Definition 1.2] of Gr(2, n) with respect to this Lagrangian torus fibration is given by gluing (open subsets of) Landau-Ginzburg models (G m ) 2n−4 , W Γ and (G m ) 2n−4 , W Γ (and then completing). Each of these Landau-Ginzburg models comes from the moduli space of objects of the Fukaya category supported by Lagrangian torus fibers above each chamber, and the gluing is given by a wall-crossing formula obtained by counting pseudo-holomorphic disks of Maslov index zero. The second main result in this paper is the following: Theorem 1.3. For 0 < t < 1, the wall-crossing formula in the construction of the SYZ mirror of Gr(2, n) with respect to the Lagrangian torus fibration Ψ t is given by the coordinate change (1.4). Theorem 1.3 is proved by reducing to the case of Gr(2, 4) by a degeneration argument, which is then handled directly along the lines of [Aur07, Aur09] . This paper is organized as follows. After fixing notation for triangulations of convex polygons in Section 2, we give in Section 3 the construction of completely integrable systems on Gr(2, n). In Section 4 we recall toric degenerations of Gr(2, n) associated with triangulations of a convex n-gon, which enables us to compute potential functions of Lagrangian torus fibers of Ψ Γ . In Section 5 we show that the potential functions for different triangulations are related by the coordinate change (1.4). Section 6 is a quick review of cluster algebras. Theorem 1.1 is proved in Section 7. In Section 8 we recall the wall-crossing formula given by Auroux in [Aur07, Aur09] , which is enough for our purpose since the integrable system Ψ t has only one wall. In Section 9 we prove Theorem 1.3 in the case of Gr(2, 4). The proof for general Gr(2, n) is given in Section 10.
Triangulations
Fix an integer n greater than 2, and let P be a convex planar polygon with n sides called the reference polygon. We order the vertices of P in such a way that respects the natural cyclic order on the boundary of P , and define the side vectors e i ∈ R 2 for i = 1, . . . , n as the difference between the i-th vertex and the (i + 1)-st vertex. Setting I(i, j) = {i, i + 1, i + 2, . . . , j − 1}, we can write the diagonal connecting the i-th vertex and the j-th vertex as
Take a subdivision Γ of P given by a set of diagonals which are pairwise non-crossing in the interior of P . Note that the non-crossing condition for diagonals d ij , d kl is equivalent to
We consider the dual graph of the subdivision Γ, which is a tree with n leaves. Let (i, j) denote an edge in the graph intersecting a diagonal d ij or a side e i = d i,i+1 of P connecting the i-th and j-th vertices, where we assume (n, n + 1) = (1, n). In what follows we regard Γ as the set of edges in the dual graph by abuse of notation, and let
be the sets of interior edges and leaves of Γ, respectively. We also consider a "pruned" tree obtained from Γ by removing the n-th leaf (1, n), and let
be the set of its edges. If Γ is a triangulation of P , which is given by n − 3 diagonals, then we have
where T U (n) ⊂ U (n) is a maximal torus consisting of diagonal matrices.
3 Integrable systems on Gr(2, n)
Fix a constant λ > 0, and identify the Grassmannian Gr(2, n) of 2-planes in C n with the adjoint orbit
of a diagonal matrix diag(λ, λ, 0, . . . , 0) in the space √ −1u(n) of Hermitian matrices. For each 1 ≤ i < j ≤ n + 1, we consider the adjoint action on O λ of the subgroup
of U (n). Its moment map is given by
where we identify the dual space of the Lie algebra Lie
for each (i, j) with |i − j| ≥ 2, each Hermitian matrix µ G(i,j) (x) has at most two nonzero eigenvalues λ
Note that the the moment map µ T U (n) : O λ → R n of the action of the maximal torus
and hence {ψ i,i+1 } 1≤i≤n satisfies one relation
We also remark that ψ 1n = λ is a constant function, because eigenvalues of
For a triangulation Γ of the reference n-gon P , the non-crossing condition (2.2) implies that
By applying the construction of completely integrable systems in [GS83] , we obtain the following:
For a triangulation Γ of the reference polygon, the map
is a completely integrable on Gr(2, n) ∼ = O λ with respect to the KostantKirillov form. The natural coordinate (u ij ) (i,j)∈Prn Γ on R Prn Γ gives an action coordinate, and the image
Remark 3.2. One can apply this construction for general partial flag manifolds of type A to obtain several completely integrable systems.
To describe the polytope ∆ Γ explicitly, we recall bending Hamiltonians on polygon spaces introduced by Kapovich and Millson [KM96] and Klyachko [Kly94] . For an n-tuple r = (r 1 , . . . , r n ) ∈ (R >0 ) n of positive numbers, the polygon space M r is defined to be a moduli space of n-gons in R 3 with fixed side lengths r 1 , . . . , r n :
where S 2 (r) ⊂ R 3 is a 2-sphere of radius r centered at the origin. For each 1 ≤ i < j ≤ n with |i − j| ≥ 2, the bending Hamiltonian ϕ ij is a function on M r which measures the length of the diagonal of each polygon ξ connecting the i-th and j-th vertices:
Theorem 3.3 (Kapovich and Millson [KM96] , Klyachko [Kly94] ). For each triangulation Γ of P , the map
is a completely integrable system on M r . The image Φ Γ (M r ) is a convex polytope defined by triangle inequalities
for each triangle with vertices 1 ≤ i < j < k ≤ n in the triangulation Γ, where we assume ϕ i,i+1 = r i .
The Grassmannian Gr(2, n) is obtained as a symplectic reduction of the space Mat n×2 (C) ∼ = (C 2 ) n of n × 2 matrices by the right U (2)-action, and hence the Gelfand-MacPherson correspondence [GM82] gives an isomorphism between the polygon space and a symplectic reduction of Gr(2, n) by the T U (n) -action. For a later use, we describe the isomorphism explicitly. Since the moment map of of the right U (2)-action on Mat n×2 (C) is given by
(3.14) the level set µ
and hence
gives an isomorphism µ
and thus the projection
by using the Hopf fibration
where we regard S 3 (2 √ r) ⊂ C 2 and S 2 (r) ⊂ C × R. Since the condition (3.15) implies i ν(z i , w i ) = 0, the map (3.19) induces an isomorphism
Let ϕ ij also denote the pull-back to Gr(2, n) of the bending Hamiltonian, and define ϕ i,i+1 = (1/2)ψ i,i+1 so that ϕ i,i+1 = r i on M r for each r. Then (ψ ij ) (i,j)∈Prn Γ and (ϕ ij ) (i,j)∈Prn Γ are related by
and thus Ψ Γ induces Φ Γ on each polygon space M r under the symplectic reduction. We introduce another coordinate (u(i, j)) (i,j)∈Prn Γ on R 2n−4 corresponding to (ϕ ij ) (i,j)∈Prn Γ defined by
for each triangle with vertices 1 ≤ i < j < k ≤ n in the triangulation Γ.
In terms of the action coordinate (u ij ) (i,j)∈Prn Γ , the inequalities (3.25) are written as shown in Figure 3 .1 called the caterpillar, the integrable system Ψ GC := Ψ Γcat gives the Gelfand-Cetlin system introduced by Guillemin and Sternberg [GS83] , and the triangle inequalities (3.25) give the Gelfand-Cetlin pattern
(3.30)
Suppose that we have two triangulations Γ, Γ of P which are related by a Whitehead move in a quadrilateral P 0 with vertices 1 ≤ a < b < c < d ≤ n (see Figure 3 .2, where P 0 is unshaded). Let Γ be the subdivision of P given by common diagonals in Γ and Γ (see Figure 3. 3); its dual graph is obtained from that of Γ (resp. Γ ) by contracting the edge (a, c) ∈ Γ (resp. (b, d) ∈ Γ ). Note that the action coordinates on ∆ Γ ⊂ R Prn Γ and ∆ Γ ⊂ R Prn Γ are written as
respectively. Proposition 3.6. Let Γ, Γ be two triangulations of P as above. Then the piecewise linear transform u → u defined by
gives a bijection between ∆ Γ and ∆ Γ .
Remark 3.7. The piecewise linear transformation (3.32) is different from the one given in [NU14, Proposition 3.5].
Proof. For each fixed (ϕ ab , ϕ bc , ϕ cd , ϕ ad ) = (r ab , r bc , r cd , r ad ) ∈ (R >0 ) 4 , the ranges of the bending Hamiltonians ϕ ac and ϕ bd are given by
respectively. Since the lengths of the ranges are the same; min{r ab + r bc , r cd + r ad } − max{|r ab − r bc |, |r cd − r ad |} = min{r ab + r ad , r bc + r cd } − max{|r ab − r ad |, |r bc − r cd |}, (3.35)
gives a bijection between the ranges of ϕ ac and ϕ bd . One can easily check that this map is written as (3.32) under the coordinate change (3.24).
Degenerations of Grassmannians
Speyer and Sturmfels [SS04] have shown that toric degenerations of the Grassmannian Gr(2, n) are parametrized by the tropical Grassmannian, and its top dimensional cells are in one-to-one correspondence with the set of trivalent trees Γ with n-leaves. For each Γ, the corresponding toric degeneration f Γ : X Γ → C n−3 of Gr(2, n) can be constructed as follows.
is given by the Plücker relations
denote a path in the tree Γ connecting the i-th and j-th leaves (i, i + 1), (j, j + 1). We 
and consider an action of (C × ) Int Γ on 2 C n given by
For a polynomial
in Plücker coordinates, let
be the maximum of weights of monomials in F (p) with respect to t kl , and define
where
Then the degenerating family f Γ : X Γ → C n−3 associated with Γ is given by
whose central fiber
is a toric variety with moment polytope ∆ Γ . Theorem 1.2 in [NU14] combined with Theorem 5.4 in [HK15] gives the following.
Theorem 4.1. The completely integrable system Ψ Γ on Gr(2, n) can be deformed into a toric moment map µ T Γ on X Γ . There exists a map φ : Gr(2, n) → X Γ which sends each Lagrangian torus fiber
For a Lagrangian submanifold L in a symplectic manifold (X, ω) and a relative homotopy class β ∈ π 2 (X, L), let M 1 (X, L; β) denote the the moduli space of stable maps of degree β from a bordered Riemann surface of genus zero with one marked point and with Lagrangian boundary condition. The fact that the toric variety X Γ is Fano and admits a small resolution [NU14, Section 8] enable us to apply the the argument in [NNU10, Section 9] to obtain the following:
such that
commutes, where ev : M 1 (X, L; β) → L is the evaluation map at boundary marked points, and β in the right hand side of (4.9) is regarded as a homotopy class in X Γ via the isomorphism φ * :
Suppose that we have two triangulations Γ and Γ related by a Whitehead mode as in Figure 3 .2. Then the subdivision Γ defined by common diagonals in Γ and Γ gives a subfamily
which commutes with evaluation maps on the homology groups. The same is true for Ψ Γ .
We observe defining equations
for X 0 . If the paths γ(i, k) and γ(j, l) intersect transversally in the interior of the quadrilateral P 0 as in Figure 4 .2, then all monomials in F ijkl have the same weight, and thus the Plücker relation is unchanged:
In the case where γ(i, k) and γ(j, l) share at least one interior edge, the Plücker relation is deformed into a binomial
where we assume that γ(i, l) and γ(j, k) do not share any edge in Γ (see Figure 4 .3).
We give a description of X 0 following an idea in [HMM11] . By cutting the reference polygon P along the diagonals in Γ , we obtain a subdivision of P into one quadrilateral P 0 and n − 4 triangles P 1 , . . . , P n−4 , and the corresponding forest (i.e., a set of trees) Γ 0 , Γ 1 , . . . , Γ n−4 . For each subpolygon P α , we associate a cone Gr(P α ) ⊂ 2 C Γα over the Grassmannian
on which the Plücker coordinates (p Pα , ) , ∈Γα are indexed by pairs of (boundary) edges of Γ α . We consider an action of a torus (
as a subgroup of (C × ) αΓα by identifying leaves i = (i, i + 1) of Γ with corresponding edges in the forest α Γ α , and define C × ∂P ∼ = C × to be the diagonal subgroup of (C × ) ∂Γ (⊂ (C × ) αΓα ). For an interior edge = (i, j) ∈ Int Γ , let + , − be two copies of in α Γ α , and define
Then the torus action (4.17) induces an action of an n − 3 dimensional torus
Proposition 4.4. The central fiber X 0 of the family (4.11) is given by the GIT quotient 20) and the inclusion X 0 → P( 2 C n ) is given by
21)
where the product in the right hand side is taken over a sequence of edges of α Γ α contained in the path γ(i, j). Furthermore, the induced action of
on X 0 is the complexification of the Hamiltonian torus action of
See [NU14, Section 5, 6] for more detail. Note that the (C × ) ∂Γ -action on X 0 coincides with the complexification of the
and set
Then the projection n−4 α=0 Gr(P α ) → Gr(P 0 ) induces the GIT quotient
by the T C Γ -action, and ψ 0 ac , ψ 0 bd descend to bending Hamiltonians ϕ ac , ϕ bd (up to additive constants) on a 1-dimensional polygon space Gr
We consider an anti-canonical divisor of X 0 given by
For each α = 0, . . . , n − 4, we define
so that its projection image Gr
Proposition 4.5. The complement X 0 \ D 0 is isomorphic to the geometric quotient
Proof. First note that the image in X 0 ⊂ P( 2 C n ) of the right hand side of (4.29) is the complement of a subvariety in X 0 defined by p ij = 0 for any
, . . . , n, which means that the complement X 0 \ D 0 contains the right hand side of (4.29). To show the converse, we renumber P 1 , . . . , P n−4 if necessary in such a away that, for each α = 1, . . . , n − 4, the α-th triangle P α shares two sides with the polygon P \ (P 1 ∪ · · · ∪ P α−1 ) with n − (α − 1) sides. Suppose that Γ 1 contains the i-th and (i + 1)-st leaves of Γ . Then the paths γ(i − 1, i) and γ(i + 1, i + 2) share at least 
and consequently we obtain p i−1,i+1 , p i,i+2 = 0. In other words, we have p jk = 0 for each pair (j, k) such that the path γ(j, k) induces a one in Γ \ Γ 1 connecting adjacent leaves in the polygon P \ P 1 with n − 1 sides. By repeating this process inductively, we obtain (4.29).
It follows from Proposition 4.5 that the GIT quotient of X 0 by the
-action induces a torus bundle
over Gr
Pα , = 1 for all α = 0 and , induces a section Gr
• (P 0 ) → X 0 \ D 0 of the torus bundle (4.31), and thus we obtain the following.
Remark 4.7. From the argument in [NNU10, Section 5], the central fiber X 0 admits a small resolution π : X 0 → X 0 such that X 0 is a tower of projective planes over Gr(P 0 ). The map π is isomorphism on X 0 \ D 0 , and the torus bundle structure (4.31) is given by restricting the tower structure to the open subset X 0 \ D 0 ⊂ X 0 .
Potential functions
For a (relatively) spin Lagrangian submanifold L in a symplectic manifold (X, ω), the cohomology group H * (L; Λ 0 ) has a structure of a filtered
over the Novikov ring
A solution to the Maurer-Cartan equation 
satisfying the Maurer-Cartan equation, the potential function is naively given by
where µ L is the Maslov index, hol b (∂β) is the holonomy of b regard as a flat U (1)-connection on L along the boundary ∂β, and n β (L) is the "number" of pseudo-holomorphic disks in the class β bounded by L defined by 
be the defining inequalities of ∆ Γ given in (3.26), (3.27), (3.28);
Recall that a holomorphic disk in the toric variety X Γ of Maslov index two bounded by a Lagrangian torus orbit intersect transversally a unique toric divisor at one point. Let β i ∈ π 2 (Gr(2, n), L(u)) denote the class of a pseudo-holomorphic disk which is deformed into that in X Γ intersecting a toric divisor corresponding to the codimension one face
, and the potential function of L(u) is given by
By setting y ij = T u ij e x ij for (i, j) ∈ Prn Γ and q = T λ , we have a Laurent polynomial
For 1 ≤ i < j ≤ n, define a new variable y(i, j) corresponding to u(i, j) by
(5.14)
Then W Γ is given by
where the sum is taken over all triangles in the triangulation. 
Cluster algebras
The homogeneous coordinate ring C[Gr(2, n)] is generated by {p ij } 1≤i<j≤n with Plücker relations (1.5). 2 It is a prototypical example of a cluster algebra defined by a quiver, also known as a skew-symmetric cluster algebra of geometric type. The notion of cluster algebras is introduced in [FZ02] . The cluster algebra structure on the homogeneous coordinate ring of Gr(2, n) is established in [FZ03], which is generalized to Gr(k, n) in [Sco06] . It is also the cluster algebra associated with a disk with n marked points on the boundary, which is a special case of a cluster algebra associated with a bordered surface with marked points [FG06, GSV05, FST08] . A disk with n marked points is homeomorphic to the reference polygon P with n sides. With each triangulation Γ of the reference polygon P , we associate a quiver Q Γ as shown in Figure 6 .1. Boxed vertices on the boundary corresponding to edges of P are frozen, and circled vertices in the interior corresponding to diagonals in Γ are mutable. For a mutable vertex v in the quiver Q Γ , the mutated quiver µ v (Q Γ ) is constructed in three steps:
2 The Grassmannian Gr(2, n) = Gr(2, C n ) in this section is canonically identified with its dual Grassmannian Gr(n − 2, (C n ) * ), which appears in the B-model side. Hence the indices of the Plücker coordinates are labels of vertices of P . 2. Reverse all arrows with source or target v.
Annihilate pairs of arrows a, b with s(a) = t(b) and t(a) = s(b)
, in such a way that no oriented 2-cycle (i.e., a path of length two with the same source and the target) remains.
One can easily see that Whitehead moves of triangulations correspond to mutations of associated quivers. We name mutable vertices as v 1 , . . . , v n−3 , and frozen vertices as v n−2 , . . . , v 2n−3 . With each vertex v i , we associate a variable x i , which is called a cluster variable if i = 1, . . . , n − 3 and a frozen (or coefficient) variable if i = n − 2, . . . , 2n − 3. The sequence x = (x 1 , . . . , x n−3 ) is called a cluster. The pair (x, Q Γ ) of a cluster and a quiver is called a labeled seed. Under the mutation µ v of the quiver Q Γ at the vertex v, the labeled seed is transformed as (x, Q Γ ) → (x , µ v (Q Γ )), where x w = x w for v = w and
(6.1)
The cluster algebra is the Z[x n−2 , . . . , x 2n−3 ]-subalgebra of the ambient field Q(x 1 , . . . , x 2n−3 ) generated by cluster variables in all the seeds obtained from the initial seed (x, Q Γ ) by any sequence of mutations. One can easily see that the cluster transformation (6.1) for the Whitehead move interchanging the diagonals d ik and d jl gives exactly the Plücker relation (1.5). It follows that the cluster algebra in this case is the homogeneous coordinate ring of Gr(2, n).
Landau-Ginzburg mirrors
The mirror of Gr(2, n) is identified with the Landau-Ginzburg model
by Marsh and Rietsch [MR] , whereX := Gr(2, n) \ D is the complement of an anti-canonical divisor
Here (p ij ) 1≤i<j≤n is the Plücker coordinate on Gr(2, n) and q = T λ . This is a special case of [Rie08] , where Landau- [MR, Proposition 5.9 ] that the restriction of the Landau-Ginzburg potential (7.1) to the torus in Gr(2, n) defined by p i,i+1 = 0 for i = 1, . . . , n − 1 and p 1,i = 0 for i = 1, . . . , 3, . . . , n − 1 is given by
For each triangulation Γ of the reference polygon, define an open embedding ι Γ : U Γ := (G m ) Prn Γ →X by
. . , n − 1 and j = n, p j,j+1 p ij , otherwise.
(7.5)
Remark 7.1. Applying (7.5) formally to the case (i, j) = (1, n), we obtain y 1n = q, which is consistent with the fact that ψ 1n = λ is constant.
Theorem 7.2. 1. For each triangulation Γ of the reference polygon, the potential function W Γ is the restriction of the Marsh-Rietsch superpotential (7.1);
2. Let Γ and Γ be two triangulation related by a Whitehead move in a quadrilateral with vertices a, b, c, d (1 ≤ a < b < c < d ≤ n). Then the transformation (5.16) is equivalent to the Plücker relation
under the coordinate change (7.5).
Proof. In the case of caterpillar Γ cat , it is straightforward to see from (3.30) and (7.3) that the Landau-Ginzburg potential (7.4) is identified with the potential function (5.10) under the coordinate change (7.5). One can also easily check that the coordinate change (5.16), which can be written as 1 y ac y bd = 1 y ab y cd c−1
is equivalent to the Plücker relation (7.7). This implies that U Γ and U Γ are glued together inX ⊂ Gr(2, n). Since any triangulation is related to the caterpillar by a sequence of Whitehead moves, Proposition 5.2 prove the first statement for any Γ.
Remark 7.3. The union Γ U Γ does not cover the wholeX in general. In the case of Gr(2, 4), the complement of the open subset Γ U Γ is given by
In this case the superpotential W has two critical points with zero critical value, which are contained in this complement (cf. [NU16] ).
Wall-crossing formula
Let Φ : X → B be a Lagrangian torus fibration on a symplectic manifold (X, ω) possibly with singular fibers. Assume that "most" Lagrangian fibers L(u) = Φ −1 (u) do not bound non-constant pseudo-holomorphic disks of non-positive Maslov index.
Definition 8.1. A Lagrangian fiber L(u) is said to be potentially obstructed if it bounds a pseudo-holomorphic disk of Maslov index zero. The set of u ∈ B with potentially obstructed fiber L(u) is called a wall.
Let U 0 , U 1 ⊂ B be two chambers separated by a wall on which each fiber bounds a unique non-constant pseudo-holomorphic disk of Maslov index zero. Let α ∈ π 2 (X, L(u)) be the class of such a disk.
Proposition 8.2 (Auroux [Aur07, Proposition 3.9]). For u 0 ∈ U 0 and u 1 ∈ U 1 , the functions z β given in (5.6) defined for L(u 0 ) and L(u 1 ) are related by
We recall an example of the wall-crossing formula given by Auroux in 
Then the projection f : Y → C, (x 1 , x 2 , x 3 ) → x 3 gives the GIT quotient with respect to the C × -action. Equip Y with an S 1 (⊂ C × )-invariant symplectic form, and let µ S 1 : Y → R be the moment map of the S 1 -action. Define a Lagrangian torus fibration on Y by
and write its fibers as
This fibration has a unique singular fiber T 1,0 over (1, 0), which is a twotorus with one circle pinched. Each fiber T 1,r over the line R = 1 intersects a coordinate axis at a circle, and thus it bounds a holomorphic disk of Maslov index zero, which has the form D 2 × {0} or {0} × D 2 in C x 1 × C x 2 ∼ = Y . Hence the wall of Φ is given by R = 1. Let α ∈ π 2 (Y, T 1,r ) denote the class of disks of the form D 2 × {0}. Lagrangian fibers over the chambers R > 1 and R < 1 are said to be of Clifford type and of Chekanov type, respectively. A Clifford type fiber T r,R can be deformed into a torus of the form S 1 (r 1 ) × S 1 (r 2 ) ⊂ C x 1 × C x 2 , which bounds holomorphic disks of Maslov index two of the forms D 2 (r 1 ) × {pt} and {pt} × D 2 (r 2 ). Let β 1 , β 2 ∈ π 2 (Y, T r,R ) be the classes of these holomorphic disks. On the other hand, a Chekanov type torus T r,R bounds a family of holomorphic disks of Maslov index two, which are sections of f : Y → C over the disk D 2 (R) enclosed by the image f (T r,R ) = {x 3 ∈ C | |x 3 | = R} of T r,R . Let β 3 denote its homotopy class. Then the wall-crossing formula is given by
Since z α = z β 1 /z β 2 , the transformations (8.6) on r > 0 and r < 0 are identical.
Let us go back to the case of the Grassmannian Gr(2, n). Suppose we have two triangulation Γ, Γ of the reference polygon related by a Whitehead move in a quadrilateral with vertices 1 ≤ a < b < c < d ≤ n, and let Γ be the subdivision given by common diagonals in Γ and Γ . Note that Ψ Γ and Ψ Γ are written as
Since ψ ac and ψ bd Poisson commute with all other ψ ij , (i, j) ∈ Prn Γ , we have {(1 − t)ψ ac + tψ bd , ψ ij } = 0 (8.8) for any t ∈ [0, 1]. Hence we obtain the following.
Proposition 8.4. Let Γ, Γ be two triangulations of P as above. Then
is a one-parameter family of completely integrable systems on Gr(2, n) with
Theorem 8.5. Let Γ and Γ be two triangulations as above. For t ∈ (0, 1), the wall-crossing formula (8.1) for Ψ t is equivalent to the coordinate change (5.16) (and hence, to the Plücker relation (7.7)).
We prove this theorem in the next two sections.
9 Wall-crossing formula on Gr(2, 4)
In this section we prove Theorem 8.5 in the case of Gr(2, 4). Let Γ, Γ be the two triangulations of a quadrilateral P given by diagonals
Recall that the image of the moment map µ T U (4) : Gr(2, 4)
and critical values of µ T U (4) inside the octahedron µ T U (4) (O λ ) form three walls H 1 ∪ H 2 ∪ H 3 , where
H 2 = {r | r 1 + r 3 = r 2 + r 4 }, (9.6)
For each interior point r in µ T U (4) (O λ ), the completely integrable system Ψ t = (ψ 12 , ψ 23 , ψ 34 , (1 − t)ψ 13 + tψ 24 ) (9.8) induces the function
(up to an additive constant) on the polygon space. Let B t = Ψ t (Gr(2, 4)) and I t,r = ϕ t (M r ) denote the ranges of Ψ t and ϕ t , respectively.
Lemma 9.1. For each t ∈ (0, 1) and r ∈ Int µ T U (n) (O λ ), the map ϕ t : M r → I t,r is an S 1 -bundle over the interior Int I t,r , and the fibers over boundary point of I t,r are single points.
Proof. We first note that the S 1 -fibration ϕ 13 : M r → I 0,r (resp. ϕ 24 ) is not homeomorphic to the toric moment map on P 1 exactly when min ϕ 13 = 0 (resp. min ϕ 24 = 0), or equivalently, r 1 = r 2 and r 3 = r 4 (resp. r 1 = r 4 and r 2 = r 3 ); in this case, the fiber ϕ −1 13 (0) consists of "broken lines" ξ = (ξ 1 , . . . , ξ 4 ) satisfying ξ 1 + ξ 2 = ξ 3 + ξ 4 = 0, and it is diffeomorphic to a line segment. We consider the map ϕ = (ϕ 13 , ϕ 24 ) : M r −→ R 2 , (9.10) and let (u 1 , u 2 ) be the standard coordinate on R 2 . Then the boundary of the image ϕ(M r ) contains a line segment in a coordinate axis if min ϕ 13 = 0 or min ϕ 24 = 0 (see Figure 9 .3 and Figure 9 .4). We claim that, for any r, angles θ 1 (resp. θ 4 ) between the side ξ 1 (resp. −ξ 4 ) and the diagonal ξ 1 + ξ 2 connecting the first and the third vertices are given by
(see in Figure 9 .5). Since ϕ 24 restricted to the level set ϕ −1
13 (u 1 ) takes its maximum and minimum when ξ is contained in a plane, the range of ϕ 24 | ϕ
Combining this with (9.11), we obtain the defining equation for the boundary of the image ϕ(M r ) ⊂ R 2 . If we set then we have
so that the set
is the pull-back φ −1 (E) of the set
by the homeomorphism
2
(r 1 + r 2 + r 3 − r 4 ) 2 (r 1 + r 2 − r 3 − r 4 ) 2 (r 1 − r 2 + r 3 − r 4 ) 2 (r 1 − r 2 − r 3 + r 4 ) 2 , (9.19) which means that the discriminant locus is
When r does not lie on the discriminant locus, then ∂E is the positive real part of a smooth plane cubic curve. A smooth real plane cubic curve has either
• one non-compact connected component, or
• one non-compact connected component and one compact connected component.
Only the latter can happen in our case, and the boundary ∂(φ • ϕ(M r )) of φ • ϕ(M r ) is the compact connected component of the cubic curve. When r lies on exactly one wall, say H 1 , then the resulting cubic curve has one node, and φ • ϕ(M r )) is the closure of the compact connected component of the complement of the nodal cubic curve. When r lies on exactly two walls, say H 2 and H 3 , one has r 1 = r 2 = r 3 = r 4 , so that
and φ • ϕ(M r )) is bounded by a hyperbola and the v 2 -axis. When r lies on all the three walls H 1 , H 2 and H 3 , then one has r 1 = r 2 = r 3 = r 4 , so that On the other hand, the image φ(I) of the line segment
by φ is the non-negative real part of the parabola defined by
and hence is the graph of a convex function of v 1 . It follows that the upper boundary of E and φ(I) (and hence the upper half of D and I) intersect at most twice. By the same argument with the role of u 1 and u 2 interchanged, the 'right half' of D and I intersect at most twice.
For the 'lower left part' of D, one can use the logarithmic map
The image Log(I) is the graph of a concave function (it is the 'lower left part' of the boundary of the amoeba of a line). The image Log(D), which is obtained from Log(E) by a linear transformation, is a connected component of the complement of the amoeba, and hence convex, so that the 'lower left part' of Log(D) is the graph of a convex function. It follows that Log(I) and the lower left part of Log(∂D) (and hence I and the lower left part of ∂D) intersect at most twice. Note that the 'lower left part' of ∂D is the region between the point where the tangent line is vertical and the point where the tangent line is horizontal. The discussion so far implies that I intersect D at most twice, and Lemma 9.1 is proved.
We consider the embedding and identify Gr(2, 4)/ /T C U (4) with its image 
First we consider a region U ⊂ B t where ψ 13 dominates, on which each Lagrangian torus fiber L t (u) can be deformed into a fiber of Ψ Γ .
Lemma 9.2. For each r, the bending Hamiltonian ϕ 13 : M r → R takes its maximum at the point ζ 1 = 0 under the inclusion (9.26).
Proof. Assume r 1 + r 2 ≤ r 3 + r 4 so that max ϕ 13 = r 1 + r 2 . Take a point [z i , w i ] i ∈ Gr(2, n) = Mat n×2 (C)/ / λ U (2) such that ϕ 13 attains its maximum at ξ = (ν(z i , w i )) i=1,...,4 ∈ M r , where ν is the Hopf fibration given in (3.20). Since the side vectors ξ 1 = ν(z 1 , w 1 ) and ξ 2 = ν(z 2 , w 2 ) of ξ have the same direction, (z 1 , w 1 ) and (z 2 , w 2 ) are proportional, which implies that
Hence we obtain ζ 1 = p 12 p 34 = 0. In the case where r 1 + r 2 ≥ r 3 + r 4 , we have p 34 = 0 at [z i , w i ] i ∈ Gr(2, 4) such that max ϕ 13 is attained at ξ = (ν(z i , w i )) i ∈ M r , which leads to the same conclusion.
Since the point ζ 1 = 0 corresponds to x 3 = ∞, level sets ϕ −1 t (ρ) for ρ ∈ R sufficiently close to max ϕ 13 enclose the point x 3 = −1. Hence a Lagrangian torus fiber L t (u) on the region U is deformed into T r,R × T ⊂ Y × (C × ) 2 for a Clifford type torus T r,R .
Lemma 9.3. The boundaries ∂β 1 , ∂β 2 ∈ π 1 (L t (u)) of the lifts of β 1 , β 2 ∈ π 2 (Y, T r,R ) defined in Example 8.3 are represented by Hamiltonian S 1 -orbits of ψ 13 − ψ 23 and ψ 13 − ψ 12 − ψ 23 − ψ 34 , respectively. The symplectic areas ofβ 1 ,β 2 are given by ω(β 1 ) = u 12 − (u 12 + u 23 − u 13 ) = u 13 − u 23 , (9.35) ω(β 2 ) = u 13 − (u 12 + u 23 + u 34 ) + λ.
(9.36)
Proof. Theorem 4.2 allows us to consider holomorphic disks in the central fiber X Γ of the toric degeneration
(9.37) associated with Γ, instead of those in Gr(2, 4). We recall a construction of the family Ψ t Γ = (ψ t ij ) (i,j)∈Prn Γ of completely integrable systems connecting Ψ Γ and the toric moment map. Extend the actions of T U (4) and G(1, 3) ⊂ U (4) on Gr(2, 4) to those on P( 2 C 4 ) in an obvious way, and let
denote the moment maps of these actions. Then we obtain an extensioñ ψ 13 : P( 2 C 4 ) → R of ψ 13 , which associates to p the maximum eigenvalues ofμ G(1,3) (p). The family of integrable systems Ψ t Γ is given by the restrictions
Note that Poisson commutativity of Ψ t Γ follows from the fact that the actions of T U (4) and G(1, 3) ⊂ U (4) on P( 2 C 2 ) preserve each fiber X t . Using the defining equation We consider a deformation family
of Y induced from the toric degeneration (9.37), whose central fiber is given by 
(9.51) of the moment polytope ∆ Γ , we conclude that the symplectic areas ofβ 1 andβ 2 are given by
respectively.
Note that the defining functions (9.52) and (9.53) for ∆ Γ correspond to the following triangle inequalities
respectively. Next we consider a region U ⊂ B t where ψ 24 dominates, on which each Lagrangian fiber L t (u) can be deformed into a fiber of Ψ Γ . By the same argument as in the case of Lemma 9.2, we have the following.
Lemma 9.4. For each r, the bending Hamiltonian ϕ 24 : M r → R attains its maximum at the point ζ 3 = 0 under the inclusion (9.26).
Since the point ζ 3 = 0 corresponds to the origin in the x 3 -plane, a level set ϕ −1 24 (ρ) for ρ ∈ R sufficiently close to max ϕ 24 is a small loop around the origin. Therefore each fiber L t (u) on the region U can be deformed into T r,R × T for a Chekanov type Lagrangian torus T r,R ⊂ Y and a two-torus T in (C × ) 2 .
Lemma 9.5. The boundary ∂β 3 ∈ π 1 (L t (u)) of the lift of the class β 3 ∈ π 2 (Y, T r,R ) defined in Example 8.3 is represented by a Hamiltonian S 1 -orbit of ψ 24 , and the symplectic area ofβ 3 is given by ω(β 3 ) = λ − u 24 .
(9.56)
Proof. We consider the central fiber X Γ of the toric degeneration Consider the family Y Γ = {(x 1 , x 2 , x 3 , t) ∈ C 3 × C | x 1 x 2 = 1 + tx 3 } (9.62) of affine varieties induced from (9.57), whose central fiber is given by Y Γ = {(x 1 , x 2 , x 3 ) ∈ C 3 | x 1 x 2 = 1}. Finally we take a point u ∈ B t on the wall, and consider the liftα of the class α ∈ π 2 (Y, T r,R ) of Maslov index zero. Since α = β 1 − β 2 , we have the following:
Lemma 9.6. The boundary ∂α ∈ π 1 (L t (u)) of the lift of α is represented by a Hamiltonian S 1 -orbit of ψ 12 + ψ 34 , and the symplectic area ofα is given by ω(α) = u 12 + u 34 − λ.
(9.68)
In fact, the classα is represented by a disk of the form (v, s 1 , s 2 ) = const., and thus (9.32) implies that the boundary of the disk is a Hamiltonian S 1 -orbit of ψ 12 + ψ 34 .
From Lemmas 9.3, 9.5, 9.6, the functions z β (b) = T ω(β) hol b (∂β) for β =β 1 ,β 2 ,β 3 ,α are given by 10 Wall-crossing formula on general Gr(2, n)
In this section we complete the proof of Theorem 8.5. We consider the family f Γ : X Γ → C n−4 associated with the subdivision Γ given by common diagonals in Γ and Γ , and let the isomorphisms given in Corollary 4.6 and (9.30) yields to the x 3 -plane. Since T C Γ is the complexification of a torus T Γ generated by Hamiltonian flows of (ψ 0 ij ) (i,j)∈Prn Γ , each Lagrangian torus fiber L 0 t (u) of Ψ 0 t is mapped by f to a level set of ϕ t in a complex 1-dimensional polygon space X 0 / /T C Γ ∼ = Gr(2, 4)/ /T C U (4) , which implies that L 0 t (u) can be deformed into a Lagrangian torus of the form T r,R ×T for some (r, R) ∈ R×R >0 and a (2n − 6)-torus T in (C × ) 2n−6 . We first assume that T r,R is of Clifford type. From the argument in the previous section, the liftsβ 1 ,β 2 ∈ π 2 (X 0 , L 0 t (u)) of classes β 1 , β 2 in Y have symplectic areas .
(10.14)
Since zα corresponding to α = β 1 − β 2 is given by zα = zβ 
